We review the one-loop effective action in scalar QED and the Schwinger effect in a uniform electric field in a two-dimensional (anti-) de Sitter space. The Schwinger effect has a thermal interpretation in terms of the effective temperature introduced by Cai and Kim. We propose a method to find the density of states for the charged scalar and obtain the QED action density and the pair-production rate in the in-out formalism.
Introduction
The de Sitter (dS) and anti-de Sitter (AdS) space has a constant curvature with the maximal symmetry of a given dimension. The (A)dS has thus attracted attention in understanding a quantum nature of spacetime and been applied to different physics. The present accelerating universe with a cosmological constant is an asymptotically pure dS space and the early inflationary universe also underwent a quasi-exponential expansion. The pure dS space has a cosmological horizon and emits the dS radiation with the Gibbons-Hawking temperature. 1 The Einstein equation for the dS space can be explained by the black hole thermodynamics. 2 An intriguing feature of the dS radiation is the solitonic nature in the global coordinates in any odd-dimensional dS space. 3 The discrimination of dimensions for dS radiation can be explained by the Stokes phenomenon, in which a pair of instanton actions interferes destructively in odd dimensions and constructively in even dimensions. 4, 5 The Stokes phenomenon can also be explained by the coherent destructive or constructive interference of the superadiabatic particle number.
6
The one-loop effective action in an electromagnetic field and in a curved spacetime reveals the interplay between quantum electrodynamics (QED) and quantum nature of curved spacetime. A strong electromagnetic field changes the quantum vacuum structure, 7, 8 and an electric field with/without a parallel magnetic field pulls out virtual particles from the Dirac sea and creates pairs of particles and antiparticles known as the Schwinger effect.
8 The Schwinger effect in (A)dS space entails the pair production by the electric field and the dS radiation [9] [10] [11] or the suppression by the negative curvature of AdS space. 10, 12 The one-loop effective action and the Schwinger effect has been comprehensively studied in Ref. 13 . The s-wave of a scalar field in the Nariari geometry of a rotating dS black hole is equivalent to a charge in a uniform electric field in dS 2 .
14,15 Interestingly, the near-horizon geometry AdS 2 × S d−1 of an extremal or near-extremal black hole deduces that the emission of charges from the black hole is related to the Schwinger effect in AdS 2 .
16-21
The fermionic current due to the Schwinger effect 22-24 and the holographic Schwinger effect 25 have been studied in the dS space. The production of particles can be explained by the (effective) temperature. The Hawking radiation has the Bose-Einstein or Fermi-Dirac distribution with the Hawking temperature and the dS radiation has a distribution, whose leading Boltzmann factor can be given by the Gibbons-Hawking temperature. The Schwinger effect in a constant or pulsed electric field has an effective temperature given by the inverse of the period of the instanton action in the Euclidean time. 26 Narnhofer, Peter and Thirring have shown that the effective temperature for an accelerating observer in dS space is the geometric mean of the Unruh temperature and the Gibbons-Hawking temperature, 27 which is extended to the AdS space by Deser and Levin, 28 as shown in Fig. 1 . Recently, Cai and Kim have shown that the Schwinger effect in (A)dS space also has a thermal interpretation in terms of an effective temperature for the Unruh effect for accelerating charge by the electric field and the curvature effect, 13 as summarized in Fig. 1 . This implies that the Schwinger effect from an extremal black hole, in which the Hawking radiation is suppressed due to the zero temperature, may also have such a thermal interpretation and similarly for a near-extremal black hole. In this paper we elaborate the one-loop effective action of scalar QED in Ref. 13 and also advance a method to find the density of states for the one-loop action and the Schwinger effect. In particular, the density of states is important to obtain the one-loop QED action density from the integrated one-loop action in the in-out formalism and the rate of pair production from the mean number by the Bogoliubov transformation. The one-loop effective action is equivalent to all the one-loop diagrams with even number of photons and gravitons, as shown in Fig. 2 , whose summation is beyond the computational practicality. However, in the in-out formalism by Schwinger and DeWitt, the one-loop action is derived from the scattering amplitude between the in-and out-vacua
In fact, the propagator or Green function of the charge in the electric field and in the (A)dS space gives the scattering amplitude. 
In-and Out-Vacuum Solutions and Bogoliubov Coefficients in (A)dS 2
We study the one-loop effective action of a scalar with mass m and charge q in a uniform electric field in the planar coordinates of dS 2 space
and in AdS 2 space
The one-loop action differs from quantum electrodynamic interaction by summing Feynman diagrams. The gauge potentials are chosen to have the Minkowski space limit (H = 0 or K = 0) and the scalar curvature is R = 2H 2 (−2K 2 ). Then the momentum mode φ k = e −Ht/2 ϕ k in dS 2 has the equation
where the dimensionless parameters are
On the other hand, the energy mode φ ω = e −Kx/2 ϕ ω in the AdS 2 space is given by the equation
where another set of dimensionless parameters
In the dS 2 space, the positive and negative solutions for the in-vacuum (t = −∞) are given by the Whittaker function as
withk 0 =k(k = 0) and those for the out-vacuum (t = ∞) are
The solutions (8) and (9) are chosen to satisfy the quantization rule e Ht Wr (t) [φ
k (t)] = i. Similarly, the solutions for the in-vacuum (x = −∞) for the tunneling boundary condition are
withω 0 =ω(ω = 0) and those for the out-vacuum (x = ∞) are
The solutions (10) and (11) are chosen to satisfy the quantization rule
ω (x)] = i for the tunneling boundary condition.
Thermal Interpretation of Schwinger Effect in (A)dS 2
Using (8) and (9), we recalculate the Bogoliubov coefficients in the dS 2 space
and from Eqs. (10) and (11), we find the Bogoliubov coefficients in AdS 2 space
Hence, the mean numbers of pairs by the Schwinger effect are
The binding nature of AdS 2 provides an effective massm = m 1 + (K/2m) 2 and thus increases the critical strength E C =m 2 /q while the separating nature of dS 2 givesm = m 1 − (H/2m) 2 and thus lowers the critical strength. Note the Breitenlohler-Freedman bound γ 2 AdS < 0 for the stability of AdS against Schwinger emission.
Recently, Cai and Kim have proposed a thermal interpretation of the Schwinger effect in the (A)dS 2 space. Note that the mean number for the dS space is determined by the actions
Here the effective temperature and the associated temperature are
where the Gibbons-Hawking temperature and the Unruh temperature for the accelerating charge by the electric field are, respectively,
On the other hand, the mean number for the AdS space is determined by the actions
where
In the Minkowski limit (H = K = 0), the mean number reduces to N Min = e −m/2TU , as expected. The factor of two is intrinsic nature of the Schwinger effect. 
Density of States
The density of states is necessary to derive the QED action density and the pairproduction rate in the in-out formalism. The energy-momentum integral of the off-shell mean number gives the density of states, qE/(2π), for a uniform electric field in the Minkowski spacetime. 31 In the case of a uniform magnetic field, the wave packet of Landau states gives the density of states, qB/(2π).
We now propose another method to find the density of states in the in-out formalism. For that purpose, we note that the field has the Fourier integral
Using the asymptotic form M µ,ν (z) = e −z/2 z 1/2+ν and changing of variable dk = Hdk, we rewrite Eq. (21) as
where f (+) in (t) is a function independent ofk, and θ(k)(t) = −ike −Ht + iγ dS ln(k).
The Gaussian integral from the saddle point method gives
In the tunneling picture, the decay of the vacuum due to the Schwinger effect is determined by the magnitude square of the field
and the momentum independent part |f Therefore, the density of states is given by
In the Minkowski spacetime (H = K = 0) the density of states becomes D = qE/(2π). Finally, we obtain the pair-production rate per unit two-volume
The density of state has been proposed for spinor QED in the dS space.
QED Action Density in (A)dS 2
From the integrated one-loop action (1) follows the QED action density, which is given by the Bogoliubov coefficient, which is in turn expressed by gamma functions with complex arguments
To obtain the QED action density, one uses the gamma function in the proper-time integral ln(Γ(a l − ib l )) = 
and then applies the Schwinger subtraction scheme to regulate divergent terms via the renormalization of the vacuum energy and charge. 33 Remarkably, the consistence relation, 2ImW = ln(1 + |β| 2 ), between the imaginary part of the effective action and the pair-production rate, is the consequence of the Cauchy's residue theorem applied to the gamma function (29) . Finally, we find the QED action density in the (A)dS 2 space 
Conclusion
The scalar QED action and Schwinger effect has been recalculated in the (A)dS 2 space. A new method has been advanced to find the density of states and to obtain the QED action density and the Schwinger pair-production rate in the (A)dS 2 space, which is the main result.
